Congruences of the fork extensions. I. The Congruence Extension Property by Grätzer, George
CONGRUENCES OF THE FORK EXTENSIONS. I.
THE CONGRUENCE EXTENSION PROPERTY
G. GRA¨TZER
Abstract. For a slim, planar, semimodular lattice, G. Cze´dli and E. T. Schmidt
introduced the fork extension in 2012. In this note we prove that the fork ex-
tension has the Congruence Extension Property.
1. Introduction
Let L and K be lattices and let K be an extension of L. We say that the
Congruence Extension Property holds, if every congruence of L has an extension
to K.
Let L be a slim, planar, semimodular lattice, an SPS lattice. As in G. Cze´dli and
E. T. Schmidt [2], inserting a fork to L at the covering square S, firstly, replaces S
by a copy of S7 (see the lattice S7 in Figure 1).
Secondly, if there is a chain u ≺ v ≺ w such that the element v has just been
added and T = {x = u ∧ z, z, u, w = z ∨ u} is a covering square in the lattice L
(and so u ≺ v ≺ w is not on the boundary of L) but x ≺ z at the present stage of
the construction, then we insert a new element y such that x ≺ y ≺ z and y ≺ v.
Let L[S] denote the lattice we obtain when the procedure terminates. We say
that L[S] is obtained from L by inserting a fork to L at the covering square S. See
Figure 2 for an illustration.
Let L be an SPS lattice and S a covering square of L. In this note we will
examine the connections between the congruence lattice of L and the congruence
lattice of L[S].
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Figure 1. The lattice S7
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Figure 2. Inserting a fork at S
Theorem 1. Let L be a slim, semimodular, planar lattice. Let S be a covering
square of L. Then the extension of L to L[S] has the Congruence Extension Prop-
erty.
We will use the notations and concepts of lattice theory as in [3].
2. Congruences of finite lattices
The following lemma is trivial but very useful.
Lemma 2. Let L be a finite lattice. Let δ be an equivalence relation on L with
intervals as equivalence classes. Then δ is a congruence relation iff the following
condition and its dual hold:
(C∨) If x is covered by y 6= z in L and x ≡ y (mod δ), then z ≡ y ∨ z (mod δ).
Proof. We want to prove that if x ≤ y and x ≡ y (mod δ), then x ∨ z ≡ y ∨
z (mod δ). The proof is a trivial induction first on length[x, y] and then on
length[x, x ∨ z]. 
Let (C∧) denote the dual of (C∨).
3. The fork construction
Let L be an SSP lattice. Let S be a covering square of L.
We need some notation for the L[S] construction, see Figure 3.
We start the construction by adding the elements t, zl,1, and zr,1 so that the set
{o, zl,1, zr,1, al, ar, t, i} forms a sublattice S7.
Let al = xl,1, o = yl,1. If k is the largest number so that xl,k, yl,k, and zl,k have
already been defined, and
T = {yl,k+1 = xl,k+1 ∧ yl,k, xl,k+1, yl,k, xl,k = xl,k+1 ∨ yl,k}
is a covering square in L, then we add the element zl,k+1, so we get two new covering
squares {yl,k+1, xl,k+1, yl,k, xl,k} and {zl,k+1, yl,k+1, zl,k, yl,k}. We proceed similarly
on the right.
So L[S] is constructed by inserting the elements in the set
F [S] = {t, zl,1  · · ·  zl,n, zr,1  · · ·  zr,m}
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Figure 3. Notation for the fork construction
so that {o, zl,1, zr,1, al, ar, t, i} is a sublattice S7, moreover, xl,i  zl,i  yl,i for
i = 1, . . . , n, and xr,i  zr,i  yr,i for i = 1, . . . ,m. The new elements are black
filled in Figure 3.
Lemma 3. Let L be an SSP lattice with the covering square S. Then L is a
sublattice of L[S]. Therefore, every element x of L[S] has an upper cover x and
a lower cover x in L. Specifically, zl,i = xl,i for i = 1, . . . , n, zr,i = xr,i for
i = 1, . . . ,m, and t = i.
If x, y ∈ L[S] and x /∈ F [S], then
x ∨ y = x ∨ y,
and dually.
The following results are well known.
Lemma 4. Let L be an SSP lattice.
(i) An element of L has at most two covers.
(ii) Let a ∈ L. Let a cover the three elements x1, x2, and x3. Then the set
{x1, x2, x3} generates an S7 sublattice.
(iii) If the elements x1, x2, and x3 are adjacent, then the S7 sublattice of (ii) is a
cover-preserving sublattice.
4. Proving Theorem 1
We prove Theorem 1 (and somewhat more) in the next three lemmas.
Lemma 5. Let L be an SSP lattice. Let S = {0, al, ar, i} be a covering square of L.
Let o ≡ i (mod α). Then α extends to L[S] uniquely to a congruence α of L[S].
Proof. We define α as the partition:
pi = { [u, v]L[S] | [u, v]L is a congruence class of α }
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To verify that pi is indeed a partition of L[S], let
A =
⋃
( [u, v]L[S] | [u, v]L is a congruence class of α ).
Clearly, L ⊆ A. Since o ≡ i (mod α), there is a congruence class [u, v]L containing
o and i. Hence [u, v]L[S] ∈ pi. Therefore, t, zl,1, zr,1 ∈ A. For i = 1, . . . , n, there is a
congruence class [ui, vi]L containing xl,i and yl,i. Hence zl,i ∈ [ui, vi]L[S] ⊆ A and
symmetrically zl,i ∈ A for i = 1, . . . ,m. This proves that A = L.
Next we show that the sets in pi are pairwise disjoint.
Finally, we verify the substitution properties. Let a, b, c ∈ L[S] and a ≡ b
(mod pi). Then there exist u, v ∈ L with u ≡ v (mod α) such that a, b ∈ [u, v]L[S].
There is also an interval [u′, v′]L[S] ∈ pi with c ∈ [u′, v′]L[S]. Since u ≡ v (mod α)
and u′ ≡ v′ (mod α), it follows that u∨u′ ≡ v∨v′ (mod α), so there is a congruence
class [u′′, v′′] of α containing u∨u′ and v∨v′. So u∨u′, v∨v′ ∈ [u′′, v′′]L[S], verifying
the substitution property for joins. The dual proof verifies the substitution property
for meets.
The uniqueness statement is obvious. 
Lemma 6. Let L be an SSP lattice. Let S = {0, al, ar, i} be a covering square of L.
Let α be a congruence of L satisfying αeS = 0S. Then α extends to L[S].
Proof. We are going to define the minimal congruence α of L[S] extending α.
For i = 1, . . . , n, define i as the smallest element in {1, . . . , n} satisfying xl,i ≡ xl,i
(mod α); let i be the largest one.
We define α as the partition:
pid ={ [u, v]L[S] | [u, v]L is a congruence class of α }(1)
∪ {t} ∪ { [zl,i, zl,i] | i = 1, . . . , n } ∪ { [zr,i, zr,i] | i = 1, . . . ,m }.
Clearly, α is a partition. To see that α is a congruence, we use Lemma 2. To
verify (C∨), let x ≺ y, z ∈ L[S], y 6= z, and x ≡ y (mod α). We want to prove
that z ≡ z ∨ y (mod α). By (1), either x ≡ y (mod α) or x, y ∈ [zl,i, zl,i] for some
i = 1, . . . , n (or symmetrically).
First, let x ≡ y (mod α). If z ∈ L, then z ≡ z ∨ y (mod α) since α is a
congruence, so by (1), z ≡ z ∨ y (mod α). If z /∈ L, that is, if z ∈ F [S], then t 6= i,
since i does not cover an element not in F [S]. So z = zl,i for some i = 1, . . . , n
(or symmetrically). Since x ≺ z = zl,i and x ∈ L, we get that x = zl,i, i > 1 and
x = yl,i−1. It easily follows that z ≡ y ∨ z (mod α).
Second, let x, y ∈ [zl,i, zl,i] for some i = 1, . . . , n (or symmetrically). Then
x = zl,j and y = zl,j−1 with zl,j ≡ zl,j−1 (mod α) by (1), and so z ≡ z ∨ y
(mod α). 
Lemma 7. Let L be an SSP lattice. Let S = {0, al, ar, i} be a covering square of L.
Let α be a congruence of L satisfying al ≡ i (mod α) and ar 6≡ i (modα). Then
α extends to a unique congruence α of L[S].
Proof. Define
i/α = i/α ∪ { zl,i | xl,i ≡ xl,1 (modα) } for i = 1, . . . , n;(2)
xl,i/α = xl,i/α ∪ { zl,k | xl,i ≡ xl,k (modα) } for i, k = 2, . . . , n;(3)
xr,j/α = xr,j/α ∪ { zr,k | xr,j ≡ xr,k (modα) } for j, k = 2, . . . ,m.(4)
We define α as follows:
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Figure 4. Illustrating α for Lemma 7
Let x/α be as defined above for
x ∈ i/α ∪
⋃
(xl,i/α | i = 2, . . . , n ) ∪
⋃
(xr,j/α | j = 2, . . . ,m );
let x/α = x/α otherwise.
We have to prove that α is a congruence.
The sets x/α, x ∈ L[S], are pairwise disjoint intervals, so they define an equiv-
alence relation α with intervals as equivalence classes.
We again use Lemma 2. To verify (C∨), let x ≺ y, z ∈ L[S], y 6= z, and x ≡ y
(mod α). We want to prove that z ≡ z ∨ y (mod α) There are four cases to
consider.
Case 1: x, y ∈ L. Then x ≡ y (mod α). If z ∈ L, then x ∨ z ≡ y ∨ z (mod α),
since α is a congruence of L, so x ∨ z ≡ y ∨ z (mod α). So we can assume that
z ∈ F [S].
Since x ≺ y in L, it follows that x, y ∈ id(o) or x, y ∈ fil(xl,n) ∪ fil(xr,m).
Case 1.1: x, y ∈ id(o) and z ∈ F [S]. Let z = zl,i (z = zr,i proceeds similarly).
Then z ∨ y = zl,i−1. We have to verify that zl,i ≡ zl,i−1 (mod α).
Note that x ≤ xl,i and xl,i ∨ y = xl,i−1. Since x ≡ y (mod α), it follows that
xl,i ≡ xl,i−1 (mod α). By (3), zl,i ≡ zl,i−1 (mod α), as claimed.
Case 1.2: x, y ∈ fil(xl,n)∪ fil(xr,m) and z ∈ F [S]. This cannot happen in view
of x ≺ z.
Case 2: x ∈ L, y ∈ F [S].
Case 2.1: y = zl,i. This cannot happen because by (3) there is no x ∈ L,
x < zl,i in xl,i/α.
Case 2.2: y = zr,i. Then x = yr,i.
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Case 2.2.1: i 6= 1. Then z = yr,i−1 and zr,i−1 ≡ y ∨ z = zr,i−1 (mod α)
by (4).
Case 2.2.2: i = 1, so y = yr,1. Then z = zl,1 and we proceed as in Case 2.2.1.
Case 2.3: y = t. This cannot happen because there is no x ∈ L with x ≺ t.
Case 3: x ∈ F [S], y ∈ L. Then x = zl,i and y = xl,i. Joining them with z, if we
get two distinct elements, they are of the same form, of the pair t, i, all of which
are congruence modulo α.
Case 4: x, y ∈ F [S]. Let x = zl,i and y = zl,i−1 (or symmetrically). Then
z = xl,i and the conclusion follows from (4).
We have verified condition (C∨) of Lemma 2. The final step is to verify (C∧).
So let x cover y 6= z in L[S] and x ≡ y (mod α). We want to prove that z ≡ x∧z
(mod α). We distinguish the same four cases as for (C∧).
Case 1: x, y ∈ L. Then x ≡ y (mod α). If z ∈ L, then x ∧ z ≡ y ∧ z (mod α),
so x ∧ z ≡ y ∧ z (mod α). So we can assume that z ∈ F [S].
Since z ∈ F [S] is covered by exactly one element z of L, so x = x, and y ∧ z, z ∈
x/α, and the claim follows.
Case 2: x ∈ L, y ∈ F [S], say y = zl,i. Then x = xl,i, so y = zl,i and z = xl,i+1.
By (3), y ≡ y ∧ z (mod α), as claimed.
Case 3: x ∈ F [S], y ∈ L. This cannot happen because there is no x ∈ F [S] and
y ∈ L with x  y and x ≡ y (mod α).
Case 4: x, y ∈ F [S]. Let x = zl,i and y = zl,i+1 (or symmetrically). Then
z = yl,i and the conclusion follows from the fact that yl,i ≡ yl,i+1 (mod α).
The uniqueness statement is obvious. 
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